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ON BILATERAL DERIVATES AND THE DERIVATIVE(!)
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K. M. GARG

ABSTRACT. In this paper we prove a new result on the monotonicity of
a function in terms of its bilateral derivates, and obtain from it extensions of sev-
eral existing results on such derivates and the derivative of a function.

Let f: R = R, where R denotes the set of real numbers. If its lower deri-
vate Df > 0 at a nonmeager set of points, we prove f to be “adequately” increas-
ing in some interval, viz. even the function f(x) — ax is increasing for some a > 0.
When f is nowhere adequately monotone, it follows that there exists a residual set
of points where f has a zero “median” derivate, i.e. either D_f <0< D for
D,f<o0< D+f. These results remain valid for functions defined on an arbitrary
set X C R under a mild continuity hypothesis, e.g. the absence of ordinary discon-
tinuity at the unilateral limit points of X. The last result leads to a new version
of A. P. Morse’s theorem for median derivates, and this in turn yields an improved
version of the Goldowski-Tonelli theorem. We also obtain some necessary and
sufficient conditions for a function to be nondecreasing, and extensions of the
mean-value theorem and the Denjoy and other properties of a derivative.

If f: X =+ R, where X C R, and both the derivates of f are finite at a set
of points that is not meager in X, then f is further proved to satisfy the Lipschitz
condition on some portion of X. When f has a finite derivate almost everywhere
and X has a finite measure, it is shown that f can be made Lipschitz by altering
its values on a set with arbitrarily small measure. Some results on singular func-
tions are also strengthened. The results and the methods of this paper further
provide extensions of some results of Young, Tolstoff, Kronrod, Zahorski, Brudno,
Fort, Hajek, Filipczak, Neugebauer and Lipinski on derivates and the derivability
of a function.

1. Introduction. In this section we first give the nomenclature that is used
throughout the work, and then a discussion of the main results that are obtained.
We employ R to denote the set of real numbers, R to denote the set of ex-
tended real numbers and X to denote an arbitrary but fixed subset of R. Usually
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f denotes a real-valued function with domain X, but in §§4 and 5, unless other-
wise stated, the domain of f is assumed to be R.

1.1. DEFINITION. The bilateral lower and upper derivates of a function
f: X — R are denoted by Df and Df respectively, and the unilateral (Dini) deri-
vates of f are denoted as usual by D_f, D™f, D f and D*f. We call an extended
real number « a median derivate of f at x € X if either D_ f(x) < a < D™ f(x) or
D,fx) <a< D*f(x), and when both the relations hold then « is called a bilateral
median derivate of f at x. A point x € X is called in turn a knot point of f if
Df(x) = —c and Df(x) = +oo, and to be a bilateral knot point of f if D_ f(x) =
D, f(x) = —o0 and D™f(x) = D*f(x) = +oo.

1.2. DEFINITION. A subset E of X is said to be countable if it is finite or
countably infinite, and, following Halmos [20], E is called cocountable in X if its
complement X — E is countable. Further, E is said to be meager in X if it is a
countable union of sets that are nowhere dense in X, E is nonmeager in X if it is
not meager in X, and E is residual in X if X — E is meager in X. A nonempty
subset of X is said to be a portion of X if it is of the form X N I, where I is some
open interval in R, and the set X is called metrically dense-in-itself [21, p. 192] if
it contains in each of its portions a set that has a positive measure.

1.3. DeFINITION. If P is any local property of functions, we call a function
f: X — R cocountably [or residually] P, or P cocountably [respectively residually]
everywhere, if the set of points where f possesses P is cocountable [respectively
residual] in X. In particular, f is cocountably [residually] derivable if it has a
finite or infinite derivative at a cocountable [residual] set of points in X.

1.4. DEFINITION. If P is a local or global property of functions, a func-
tion f: X — R is said to be nowhere P if it does not possess P on any portion of
X, and it is called intrinsically P if every portion of X contains a portion on which
f possesses . When P is a local property, an intrinsically P function is also said
to be P intrinsically everywhere, and f is further said to be P intrinsically almost
everywhere when every portion of X contains a portion on which f possesses P
almost everywhere.

1.5. DerFINITION. Given a function f: X — R and an o € R, we denote
by f,, the function

[ =flx)+ax, x€EX

Let f be adequately increasing [decreasing] if there exists a real number a > 0
such that the function f_,, [f,] is increasing [decreasing] on X, and let f be
adequately monotone if it is either adequately increasing or adequately decreasing.
The function f is further said to be of monotonic type [43, p. 64] if the function
f is monotone for some « € R.
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An adequately increasing function is thus (strictly) increasing, and its deri-
vates are bounded from below by a positive number. The converse of the latter
part holds for functions with connected domain [30, p. 266], but not in general.
Further, a nowhere monotone function is clearly nowhere adequately monotone
as well as nowhere constant. On the other hand, a singular function with a met-
rically dense-in-itself domain is also nowhere adequately monotone although it
may be constant or strictly monotone. A function that is nowhere of monotonic
type is also known as a nowhere monotone function of the second species [12].

1.6. DEFINITION. Let a function f: X — R be called Lipschitz if it satis-
fies the Lipschitz condition, and let f be lower or upper Lipschitz if the function
f is increasing or decreasing respectively for some @ € R. Let, further, f be lower
or upper singular if its derivative is 2 0 or < O respectively at almost all of the
points where it exists, and let f be called bisingular if it is lower and upper singular.

A function fis thus Lipschitz if and only if it is lower and upper Lipschitz,
and f is of monotonic type if and only if it is lower or upper Lipschitz. Also, f
is singular if and only if it is a bisingular function of bounded variation. Since
every almost everywhere nonderivable function is bisingular, the class of bisingular
functions is much wider. In fact, as it follows from the Denjoy-Young-Saks theo-
rem [23, p. 186], f if bisingular if and only if it has a zero median derivate almost
everywhere, and f is lower singular if and only if Df = 0 almost everywhere.

We further need some new generalizations of continuity. In analogy to a
localized version of the usual notion of regulated functions, we employ the following

1.7. DEFINITION. A function f: X — R is said to be regulated at a point
x € X from the left [right] if the limit f{ix — 0) [f(x + 0)] exists whenever x is
a limit point of X from the left [right], and f is regulated at x if it is so from
both the sides of x (i.e. if f does not have a discontinuity of the second kind at
x). We call f interned at x if it does not have an ordinary discontinuity (i.e. a
discontinuity of the first kind) there, or equivalently if f is continuous at x when-
ever it is regulated there. Let, further, f be interned at x from the left or right
if it does not have an ordinary discontinuity on that side of x, and let f be bi-
laterally interned at x if it is interned there from both the sides.

It may be observed that every function f: X — R is bilaterally interned
cocountably everywhere [21, p. 304], and that a Darboux function with a con-
nected domain is always bilaterally interned. The notion “interned” may be com-
pared further with that of “internal” functions in [17]. The following decompo-
sitions of the above properties may in turn be compared with lower and upper
internal functions there.

1.8. DEFINITION. Let a function f: X — R be lower [upper] interned at
xEXifflx-0)<fx)<flix +0) [f(x —0)=f(x) > f(x + 0)] whenever fis
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regulated at x, where the left or the right inequality is assumed to hold when x
is an isolated point of X from the left or right respectively. Let, further, f be
lower [upper] interned at x from the left or right if the left or right inequality
holds whenever f(x — 0) or f(x + 0) exists respectively, and let f be bilaterally
lower [upper] interned at x if it is lower [upper] interned there from both the
sides. As usual, f is said to be (bilaterally) interned, or (bilaterally) lower or
upper interned, if it is so at every point of X.

Thus f is (bilaterally) interned at x € X if and only if it is (bilaterally) lower
and upper interned there. It may be further noted that f is bilaterally lower in-
terned whenever it is lower Lipschitz, or, in particular, when f is nondecreasing.

1.9. DEFINITION. Let two points x and y of X be called a pair of contig-
uous points of X if X does not contain any point in between x and y, and let a
function f: X — R be contiguously lower or upper interned if it is lower or upper
interned respectively at at least one of each pair of contiguous points of X. We
further call f contiguously interned if it is contiguously lower and upper interned.

Two points of a closed set X thus form a pair of contiguous points of the
set if and only if they are the endpoints of some contiguous (or complementary)
interval of X. Also, a function is always contiguously interned when its domain
has no contiguous points, e.g. when it is connected or bilaterally dense-in-itself.

We first investigate in §2 some intrinsic properties of functions (see 1.4 for
definition) in terms of their bilateral derivates. Let X C R. A contiguously upper
interned function (see 1.9) f: X — R is proved in Theorem 2.3 to be adequately
increasing (see 1.5) on some portion of X whenever Df > 0 at a nonmeager set of
points in X. In case f is contiguously interned, it follows that f is of monotonic
type (see 1.5) on some portion of X whenever the set of its knot points (see 1.1)
is not residual in X. This provides a strengthening of some of the results of
Tolstoff [36], Filipczak [6] and Neugebauer [31]. Extending some earlier results
on nowhere monotone functions [10], [12], [16], we prove in Theorem 2.9 that
if a contiguously interned function f: X — R is nowhere adequately monotone
(see 1.4, 1.5), then it has a zero median derivate residually everywhere (see 1.1,
1.3), and if f is nowhere of monotonic type, there exists a residual set of points
in X where every extended real number is a median derivate of £,

When a function f: X — R has its derivates finite at a nonmeager set of
points in X, it is proved in Theorem 2.13 to be Lipschitz (see 1.6) on some por-
tion of X. This yields an extension of a result of Fort [7] on discontinuous func-
tions. Neither of the Theorems 2.3 and 2.13 remains valid on replacing the non-
meager set in its hypothesis by a set of positive measure (see Remarks 2.8 and
2.15). If Df > 0 at a set of points which has a positive measure, then according
to Proposition 2.18, fis adequately increasing on some nonempty metrically
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dense-in-itself perfect set in X. When X has a finite measure and the knot points
of f form a set of measure zero, we further prove in Theorem 2.20 that f can be
made Lipschitz by altering its values on a set with arbitrarily small measure. This
result has been proved by Rjazanov [33] for functions of bounded variation de-
fined on a compact interval.

When the domain X of f consists of almost all the points of some interval in
R, extending a well-known result on absolutely continuous functions, f is proved
in Proposition 2.24 to be nondecreasing if and only if it is lower absolutely con-
tinuous and lower singular (see 1.6, 2.23), and in case f is only lower singular, it
is further proved in Theorem 2.26 to be nondecreasing on some portion of X
whenever the set of points where Df = —oo and Df > 0 is not residual in X. This
in turn provides refinements of two earlier results on singular functions [15].

In §3 we obtain from Theorem 2.3 and its Lemma?2.2 extensions of some
known properties of bilateral derivates to functions defined on an arbitrary set
X CR. Besides the extension, our proofs are unified and much simpler than the
original ones. Let f: X — R. Extending first a result of W. H. Young [38], the
set of points where f has at least one derivate infinite is proved in Theorem 3.1 to
be G relative to X. A result of Kronrod [25] follows from this theorem with
its extension. For every a € R, the set {x € X: Df < a} is proved in Theorem
3.4 to be of the form G5 U C, where the first set is G5 relative to X and Cis a
countable set at no point of which f is bilaterally upper interned (see 1.8). This
in turn provides improvement of some of the results of Brudno [2], Zahorski
[41] and Hdjek [19]. A similar result is obtained in Proposition 3.9 for the set
of points where f has a median derivate a (€ R), and this yields a strengthened
form of a recent result of Lipidski [27] on singular functions. Theorem 3.12 is
an extension of the well-known result of Zahorski [39], [40] and Brudno [2] on
the set of points of nonderivability of f.

Let, now, f be a lower interned function (see 1.8) with domain R. In §4
we investigate the nature of derivates of f at the set N(f) of points in no neighbor-
hood of which f is nondecreasing. If Df = 0 at a dense set of points in R, fis
proved in Theorem 4.7 to have a zero median derivate residually everywhere in
N(f). This yields the following property of median derivates of a lower interned
function: If f has a median derivate = o (€ R) at a dense set of points and a
median derivate < a at some point, then it has a median derivate « at a set of
points whose power is ¢. This property was established by A. P. Morse [29] for
the unilateral derivate D¥f of a continuous function. As a consequence of this
property we have: If Df > 0 at a dense set of points and f has a zero median
derivate only at a set of points whose power is < ¢, then f is increasing.
Swiatkowski [35] proved this result for cocountably derivable (see 1.3) Darboux
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functions for which there exists an a > O such that f has a derivative 2 « at a
dense set of points.

When a lower interned function f: R — R is lower singular, it is proved in
Theorem 4.11 to have Df = —o and Df = 0 residually everywhere in N(f). It
follows that a function f: R — R is nondecreasing if and only if it is lower in-
terned and lower singular and the points where Df = —c° and Df > 0 form a set
whose power is < ¢. The sufficiency part of this result is the well-known theorem
of Goldowski [18] and Tonelli [37] on cocountably derivable continuous func-
tions, which was extended by Zahorski [41] to Darboux functions. In case of
bilaterally interned functions (see 1.7), the above two theorems on N(f) follow
directly from Theorem 2.9 on nowhere adequately monotone functions (see
Remark 4.14).

Finally, we obtain in §5 extensions of some known properties of a deriva-
tive. Generalizing a result of Zahorski [41], the derivative of a function f: X — R
is proved in Theorem 5.1 to be always in Baire class 1 relative to the set of
points where it exists. If f: R — R is a bilaterally interned function with sym-
metrical derivates, we deduce from Theorem 2.9 the Darboux and the mean-value
properties of the median derivates of f (see 5.4), and when f is further cocountably
derivable, the usual mean-value theorem holds for f and its derivative possesses
the Darboux property relative to the set of points where it exists (see 5.6 and 5.7).
In case of a bilaterally interned function that is cocountably derivable and non-
angular (see 5.8), Theorem 2.3 leads to the Denjoy property of its derivative
relative to the set of points where it exists (see 5.10). A result of Marcus [28] is
also extended to the stationary sets of derivatives of interned functions.

Some of the above results were obtained in connection with the investiga-
tions of a new generalization of the notion of derivative [17]. The methods of
the present paper also lead to new results, and improvements of some of the
known ones, on approximate and symmetric derivates which will appear subse-
quently.

2. Intrinsic properties in terms of bilateral derivates. In this section, unless
otherwise stated, f is a real-valued function defined on an arbitrary set X of real
numbers. For the notation X* employed at the end of this section see 2.23. The
results of the present section remain, in fact, valid if their continuity hypotheses
hold only intrinsically everywhere.

2.1. NoTtATION. Given a function f: X — R and a natural number &, we
denote by A, (f) the set of points x in X for which f(£) < f(x) whenever
tEXN(x—1/k x)and f(t) = f(x) when t € X N (x, x + 1/k).

The following lemma on the set A, (f) is used throughout the paper (see 1.7
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and 1.8 for definitions):

2.2. LEMMA. If f: X — R and k is any natural number, the set A (f) con-
tains all of its bilateral limit points that are in X.

Moreover, if x € X is a limit point of A.(f) from some side, then f is regu-
lated and lower interned at x from that side, and A (f) contains x whenever f is
upper interned there from the side in question.

PROOF. Let x € X and A denote the set A, (f) for brevity.

Let, first, x be a bilateral limit point of Aand t € X. Whenx — 1/k <t <
x, there exists a point x,; in A such that ¢ <x; <x, and so we have f{r) <
flx,) <flx). Incase x <t <x + 1/k, there similarly exists a point x, in A such
that x <x, <t, and we have f{x) < f(x,) < f(t). Hence x € A.

Let, next, x be a unilateral limit point of A, say from the left. Then there
exists an increasing sequence {x;} of distinct points in A such that x — 1/k <
x; < x for every i and x; converges to x. As {f(x,)} is then a nondecreasing se-
quence of real numbers bounded from above by f(x), it converges to a limit
< f(x). Moreover, for every t € X N (x,, x), there exists an i for which x; <t <
X;4 15 0 that flx;)) < f(t) <f(x;, ). Hence fl{x — 0) exists and we have

fe = 0) = lim flx) < ),

i.e. fis regulated and lower interned at x from the left.

In case f is upper interned at x from the left, we have f{x) < f(x — 0),
whence f{x) = lim;, . f(x;). Let, again, t € X. If x — 1/k <t <x, we still have
() <flx) as above. In case x <t <x + 1/k, there exists an i, for which ¢ <
Xio + 1/k, and then for every i > i, we have x; <t <x; + 1/k, so that f(t) =
flx;). Thus we have f(f) = lim., ., f(x;) = f(x), and so x € A.

The proof is similar when x is a limit point of A from the right.

2.3. THEOREM. Let a function f: X — R be contiguously upper interned.

(a) If Df > 0 at a nonmeager set of points in X, then f is adequately in-
creasing on some portion of X.

(b) In case Df > —c° at a nonmeager set of points in X, then f is lower
Lipschitz on some portion of X.

ProOF. (See 1.5,1.6,1.9.) (a) Using the notations in 1.5 and 2.1, it may
be easily verified that

{xex:Df>0}C G A1)
k=1
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and so in the present case there exists a natural number k for which the set A =
A(f_1 i) is dense in some portion X, of X. Clearly, X, may be assumed to
have its diameter < 1/k. It would suffice to show the function fy /i to be non-
decreasing on X, for then the function f_, ,, would be increasing on Xj,.

Letx, y € Xy and x <y. If X N (x, y) is nonempty, the interval (x, y)
contains a point ¢ of A, and since y —x < 1/k, then we have

f_l/k(x) <f_l/k(t) <f_1/k(y)~

Now suppose that X N (x, y) is empty. Then, according to the hypothesis, f is
upper interned at one of the points x and y, say at x. Since x is an isolated point
of X from the right, f becomes regulated at x whenever f(x — 0) exists, and so f
is upper interned at x from the left. The function f_, ; is then also upper interned
at x from the left. If x is an isolated point of X, then A being dense in X,

it is clear that x € A, and in case x is a limit point of X, it is a limit point of A
from the left, whence it follows from 2.2 that x € A. Hence we have once again
foa ,k(x) <f_, /k(y), proving thereby that f_, , is nondecreasing on Xj,.

(b) Since {x € X: Df >—o} = Uy, {x € X: Df >—k}, in this case
there exists a natural number & for which Dfy, > 0 at a nonmeager set of points in
X. As f; is also contiguously upper interned, it is increasing by above on some
portion of X, and then f is lower Lipschitz on that portion of X. This completes
the proof of the theorem.

Following are some immediate consequences of 2.3 (see 1.1-1.6):

2.4. COROLLARY. Leta function f: X — R be contiguously upper interned,
where X is a Gg set in R. If Df > 0 or Df > —o° residually everywhere, then
f is intrinsically adequately increasing or intrinsically lower Lipschitz respectively.

2.5. COROLLARY. Let a function f: X — R be contiguously interned. If
the set K of knot points of f is not residual in X, then f is of monotonic type on
some portion of X, and in case K is meager in X and X is G, then f is intrinsi-
cally of monotonic type.

2.6. COROLLARY. Let a function f: X — R be contiguously interned,
where X is a G set in R. If f has a derivative o (€ R) residually everywhere,
then the function fp is intrinsically adequately increasing for every real number
B > —a and it is intrinsically adequately decreasing for every § < —a.

2.7. COROLLARY. If a contiguously upper interned function f: X — R is
upper singular and X is metrically dense-in-itself, then Df < O residually everywhere.

PROOF. Let, if possible, Df > 0 at a nonmeager set of points in X. Then
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there exists, by 2.3(a), a real number a > 0 for which the function f_, is increas-
ing on some portion X, of X. But then, according to Lebesgue’s theorem [23,

p. 122], f has a derivative > & > 0 almost everywhere in X,,, and since X, con-
tains a set with positive measure, this contradicts the upper singularity of f.

2.8. REMARKS. (a) The converse of each part of 2.3 holds when X is
dense-in-itself and G5. The converse of 2.4 or 2.6 holds when X is dense-in-itself,
and the converse of either part of 2.5 is valid in general.

(b) In connection with 2.3(a) it may be observed that even if Df > 0 every-
where, the function f need not be increasing on its entire domain unless the latter
is connected [30, p. 266]. If the inequality “Df > 0” in 2.3(a) is weakened to
“Df 2 07, the function f need not be nondecreasing on any portion of X even if
X is connected and f is Lipschitz; for the Kopcke’s everywhere derivable nowhere
monotone function [24] is Lipschitz [10, footnote 8] and has a zero derivative
residually everywhere [10, p. 176]. Also, on replacing the term “at a nonmeager
set of points” by “almost everywhere”, 2.3(a) does not hold in general for Lipschitz
functions with a connected domain; for if {£,} is a decomposition of [0, 1] into
a sequence of measurable sets each of which is metrically dense in [0, 1], and if
Y denotes the characteristic function of E, then the function

N

=1 iy wa, 0<x<i,
n=1

is Lipschitz and has, for each n, a derivative 1/n at almost every point of E,,.

In case the term “at a nonmeager set of points” in 2.3(a) is replaced only by “at
a set of points whose measure is positive”, then f need not be even nondecreasing
on any portion of X as evidenced again by Kopcke’s function [11, p. 666].
Furthermore, on replacing the term “at a nonmeager set of points” by “almost
everywhere”, 2.3(b) also does not hold in general for absolutely continuous func-
tions with connected domain; for there exists an absolutely continuous function
on [0, 1] which has a derivative —o° at a dense set of points (see Choquet [3,
Theorem 26]).

(c) If the set of knot points of f has measure zero instead of being not
residual or meager in X, 2.5 also ceases to hold in general; for there exists [8] a
continuous nowhere monotone singular function on [0, 1] and such a function is
nowhere of monotonic type (see 2.25(b)). The first part of 2.5 strengthens the
following result of Tolstoff [36, p. 644]: If a continuous function f with a per-
fect domain X is derivable at a nonmeager set of points in X, then f has bounded
variation on some portion of X. For, a function of monotonic type is clearly a
difference of two monotone functions, and so has bounded variation on every
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bounded portion of its domain that contains its bounds. Since an intrinsically
monotonic type function is thus intrinsically cocountably continuous and has a
finite derivative intrinsically almost everywhere, and since a function with a con-
nected domain is always contiguously interned, the second part of 2.5 strengthens
in turn Theorem 2 of [9] and Theorems 1, 3 and 4 of Filipczak [6] on residual
derivability of a function. It also generalizes Theorems 8 and 9 of Neugebauer
[31] on measurable smooth functions, for such functions have symmetrical deri-
vates residually everywhere [31, Theorem 10]. When X is metrically dense-in-
itself, it further follows from 2.5 that the set of points of derivability of a con-
tiguously interned function f: X — R has a positive measure whenever it is non-
meager in X. The converse is false as evidenced again by a continuous nowhere
monotone singular function (see 2.27).

The following theorem strengthens two recent results [16, Corollary 5.1,
Theorem 7] on nowhere monotone Darboux functions with connected domain
(see 1.1, 1.4, 1.5):

2.9. THEOREM. Let a function f: X — R be contiguously interned. If
is nowhere adequately monotone, then it has a zero median derivate residually
everywhere.

In case f is nowhere of monotonic type, then there exists a residual set of
points in X where every extended real number is a median derivate of f.

PrRoOOF. There exists, by G. C. Young’s theorem [23, p. 182], a countable
set Cin X such that at every point of X — C we have D_f<D%*fand D J<
D~f. Thus at each point x € X — C, the two intervals [D_f(x), D~f(x)] and
[D, f(x), D*f(x)] of median derivates of f are intersecting, and so [Df(x), Df(x)]
is the set of median derivates of f at x. Moreover, since X is dense-in-itself in
each of the above two cases, the set C is meager in X.

If f is nowhere adequately monotone, then according to 2.3(a) there exists
a residual set of points H in X where Df <0 < Df, and then the set H — C is also
residual in X and f has a zero median derivate at each of its points. In case f is
nowhere of monotonic type, then according to 2.5 the set K of its knot points is
residual in X, and then the set K — C is again residual in X and at each of its
points R is the set of median derivates of f.

2.10. COrROLLARY. Let a function f: X — R be contiguously interned.

(2) The points where f has a median derivate o (€ R) form a set that is
residual in every portion of X in which it is dense.

(b) The knot points of f also form a set that is residual in every portion
of X in which it is dense.
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Proor. Since a function is nowhere adequately monotone whenever it has
a zero median derivate at a dense set of points, the part (a) follows for finite a
on applying the first part of 2.9 to the function f_, and for infinite a it follows
in turn from 2.3(b). Further, since a function is nowhere of monotonic type
whenever it has a dense set of knot points, the part (b) follows from the second
part of 2.9.

In case of residually derivable functions with the help of 2.6 we get

2.11. CorOLLARY. If X is G5 and a contiguously interned function
f: X — Ris residually derivable and nowhere adequately monotone, then the func-
tion f, is intrinsically adequately increasing for every real number a > 0 and it is
intrinsically adequately decreasing for every a < 0.

2.12. REMARK. The converse of each part of 2.9 holds when X is Gg.
When a contiguously interned function f: X — R is nondecreasing, it follows
from 2.10(a) that the set of points where Df = 0 is residual in every portion of
X in which it is dense (see Lipiniski [27, Lemma 1]). The part (b) of 2.10 may
be compared on the other hand with Theorem 2 of Brudno [2] and with Proposi-
tion 3’ of [12].

2.13. THEOREM. Let E be the set of points where a function f: X — R
has at least one derivate infinite. If E is not residual in X, then f is Lipschitz on
some portion of X, and in case E is meager in X and X is Gg, then f is intrinsically
Lipschitz.

Proor. For every natural number £, let
A =8, (F) N A= )

It is easy to verify that X — E = Up_; A;. If E is not residual in X, then there
exists a natural number k such that 4, is dense in some portion X, of X. We
may further assume X, to have a diameter < 1/k.

If x € X is a limit point of 4, from the left, then by 2.2 the functions f;
and — f_, are both lower interned at x from the left. Thus f is interned at x
from the left, and so are in turn the functions f; and — f_,. It now follows from
2.2 that x € 4,. The set A, contains similarly each of its limit points in X from
the right. Thus A, is closed relative to X, and so we have X, C 4. As the diam-
eter of X, is < 1/k, both the functions f; and — f_y are nondecreasing on X,
and so fis Lipschitz on X,.

This proves the first part of 2.13, from which the second part follows with-
out difficulty.

M. K. Fort [7] proved that if a function f: R — R is discontinuous at a
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dense set of points, then the points where f has a finite derivative form a meager
set. Since such a function is clearly nowhere Lipschitz, we obtain from 2.13 the
following extension of Fort’s theorem:

2.14. CorROLLARY. If a function f: X — R is nowhere Lipschitz, then
there exists a residual set of points in X where at least one derivate of f is infinite.

2.15. REMARK. The converse of the first part of 2.13 holds when X is G,
and the converse of its second part is always valid. As before, if the set £ in 2.13
has measure zero instead of being not residual or meager in X, the result does not
hold even for absolutely continuous functions with connected domain; for there
exists an absolutely continuous function on [0, 1] which has an infinite derivative
at a dense set of points [3, Theorem 26].

The converse of 2.14 also holds when X is G5. If a nowhere Lipschitz
function f: X — R is continuous at a dense set of points, then according to 2.14
there exists a residual set of points in X where f is continuous but does not have
a finite derivative (compare with Fort [7, p. 409]).

Besides a weaker condition for a residually derivable function to be intrinsi-
cally Lipschitz, the following proposition gives a curious property of such functions
when they are nowhere Lipschitz (see Choquet [3, Theorem 26] for an example):

2.16. PROPOSITION. Let a contiguously interned function f: X — R be
residually derivable and X be Gg.

(@) If f is nowhere Lipschitz, then the function f, is intrinsically monotone
for every real number a.

(b) If every portion of X contains a set dense in some portion of X such
that f has a bounded median derivate at the points of this set, then f is intrinsically
Lipschitz.

PrROOF. (a) Let X|, be an arbitrary portion of X. According to 2.5, X,
contains a portion X, on which f is lower or upper Lipschitz, say lower Lipschitz.
Since f is nowhere Lipschitz, there exists by 2.14 a residual set of points in X
where at least one derivate of f is infinite, and since Df is bounded from below
on X,, we have in fact Df = +oo residually everywhere in X 1~ It now follows
from the hypothesis that f has a derivative + oo residually everywhere in X, and
so, by 2.6, the function f, is intrinsically increasing on X, for every « € R.

(b) Suppose there exists a portion X, of X on no portion of which f is
Lipschitz. According to the above proof, X, contains a portion X; on which
either f,, is intrinsically increasing for every a € R, or it is intrinsically decreasing
for every o € R, say the former. By hypothesis there exists a portion X, of X,
and a real number § > 0 such that f has a median derivate < 8 at a dense set of
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points in X,. But then Df_, g =Df—28<B-28<0 at a dense set of points
in X,, so that f—2l3 cannot be increasing on any portion of X, a contradiction.

Although the converse of 2.16(b) is trivially valid, the converse of 2.16(a)
does not hold in general as is evident from a constant function.

Next, we investigate the properties of a function for which one of the con-
ditions of 2.3 holds at a set of points whose measure is positive.

2.17. DEFINITION. Let a function f: X — R be called piecewise adequate-
ly increasing if it has an extension g: R — R for which there exists a partition
of R into finitely many intervals such that g is adequately increasing on the inte-
rior of every interval of the partition.

2.18. PROPOSITION. Let f: X — R, where X is a measurable set in R with
a finite measure. If Df > 0 almost everywhere, then for every € > 0 there exists
a piecewise adequately increasing function g: X — R such that

m{x € X: fix) #gkx)} <e.

PrOOF. Let E be the set of points in X where Df > 0, and let, for every
natural number k, E, = E 0 Ap(f_, ;). Then E increases to E as k tends to
oo, where m(X — E) = 0, and so E is measurable. Also, since E; contains by 2.2
all of its bilateral limit points that are in E, it is of the form E N (F - F,) =
E N Gg, and so is measurable. Hence, given € > 0, there exists a natural number
k such that m(E — E; ) < ¢/2. There further exists a compact set K C E, such
that m(E,, — K) < €/2, and then we have

m(X - K) = m(X - E) + m(E - E,) + m(E, —K) < e.

Ifx, y €K, x <y and y — x < 1/k, we clearly have o1 @) <f_10).
The function f_, 4 is thus nondecreasing on every portion of K whose finite
contiguous intervals are all in length < 1/k. It is easy to extend f_, ;/K to a
piecewise nondecreasing function g on R, and then the restriction of g, /e to X
is piecewise adequately increasing and it coincides with f on K.

2.19. CorOLLARY. If a function f: X — R has Df > 0 at a measurable
set of points with a positive measure, then there exists a nonempty metrically
dense-in-itself perfect set P C X on which f is adequately increasing.

PrOOF. According to the hypothesis there exists a measurable set E C X
such that 0 <m(E) < <o and Df > 0 at every point of E. Putting g = f/E, it is
clear that Dg > 0 at every point of E, and so by 2.18 there exists a set Ey CE
with a positive measure such that g is adequately increasing on E,. Now, accord-
ing to a theorem of Luzin [21, p. 192], there exists a metrically dense-in-itself
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perfect set P C E, such that m(E, — P) < %im(E,). Then m(P) > 0 and f is
adequately increasing on P.

The following theorem has been proved by Rjazanov [33] for functions of
bounded variation with a compact connected domain:

2.20. THEOREM. Let f: X — R, where X is a measurable set in R with a
finite measure. If the knot points of f form a set of measure zero, then for every
€ > 0 there exists a Lipschitz function g: X — R such that

m{x € X: f(x) # g(x)} <e.
PrOOF. Let A4 be the set of points in X where f does not have any infinite

bilateral derivate. Then with the help of the Denjoy-Young-Saks theorem, we
have m(X — A) = 0. Further, for every natural number k, let

(1) Ak = Ak(fk) N Ak(_ f_k)-

According to 2.2, A, is a G set relative to X, and so is measurable. Also 4,
increases to the measurable set 4 as k tends to e, Hence, given € > 0, there
exists a natural number k such that m(4 — 4,;) < e/2. There further exists a
compact set K C A, such that m(4, — K) < €/2, and then we have m(X — K) <e.
Let g(x) = f(x) at every point x € K and let g be defined linearly on the
bounded closed contiguous intervals of K and be constant on the two unbounded
closed contiguous intervals of K. Let T = {[a;, b;]:i=1,2,...,n} be the set
of those bounded closed contiguous intervals of K whose lengths are = 1/k (which
is clearly finite), and let
|g(b,-) - g(a,-) .
| bi—a |

2) M= maxzk,

We wish to show that
3) lg() — g()l < Mly — x|

for every pair of points x, y in R. Let (x, y) € p if and only if (3) holds. It can
be easily verified that p is an equivalence relation. It would, therefore, suffice to
show that (x, y) € p whenever x <y and y —x < 1/k. Whenx, y €K (C 4;),
we have, according to (1), f,(x) <f,(») and —f_,(x) <—f_,(»), whence

—k(y —x) <g() — &(x) < k(y — x),
and so (x, y) € p. If x, y are in one and the same closed contiguous interval I -
of K, the result is trivial when I is unbounded, and otherwise, since g is linear on
I, the result follows from (2) when 7 € T and from the above otherwise (for then
m(I) < 1/k). When x, y are not in one and the same contiguous interval of K, if
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x or y still belongs to some contiguous interval of K, due to the transitivity of p it
can be replaced by the right or left endpoint of that interval respectively, and then
x, ¥ € K, whence the result follows once again from above.

Thus g is a Lipschitz function, and since m(X — K) < ¢, its restriction to X may
be taken as the required function.

2.21. CorOLLARY. Iff: X — R and X, is a measurable subset of X with
a finite measure at no point of which f has a knot point, then for every € > 0
there exists a metrically dense-in-itself perfect set P C X such that m(X, — P) <
€ and f is Lipschitz on P.

PrROOF. It is clear that the function g = f/X, has nowhere a knot point,
and so there exists by 2.20 a measurable set £ C X, such that m(X, — E) < ¢/2
and g is Lipschitz relative to E. If the measure of E is zero we may take P to be
the empty set, otherwise there exists a metrically dense-in-itself perfect set P C E
such that m(E — P) < /2. Then m(X, — P) < e and f is Lipschitz on P.

If one of the conditions of 2.3 and 2.13 is satisfied only at an uncountable
set of points, we still have the following

2.22. PropOSITION. Let f: X — R where X is a Borel set in R. If f has
Df > 0, Df > —o° or both of its bilateral derivates finite at uncountably many
points, then there exists a nonempty perfect set P C X such that f is adequately
increasing, lower Lipschitz or Lipschitz respectively on P.

ProoF. Suppose first that Df > 0 at uncountably many points. Then since
xex:pr>0yc U AL, 0,
k=1

there exists a natural number k for which the set 4 = A, (f_, ;) is uncountable.
Since 4 is G relative to X by 2.2, it is an uncountable Borel set in R, and so it
contains by the Alexandrov-Hausdorff theorem [26, p. 447] a nonempty perfect
set 2. We may clearly assume P to have its diameter < 1/k, and then f_, Ik is non-
decreasing on P, whence f is adequately increasing on P.

If Df > —o° at uncountably many points, then since

{xE€X: Df>-} = |J {x €X: Df > -k},
k=1
there exists a natural number k such that Df; > 0 at uncountably many points.
Hence, by above, there exists a nonempty perfect set P C X on which f is ade-
quately increasing, and then f is lower Lipschitz on P.
If, at last, f has both of its bilateral derivates finite at uncountably many
points, then since
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xEX:—o<Df<Df<+ e} C G {A,(F) N A
k=1

there exists a natural number k for which the set B = A (f;) N Ay(—f_;) is un-
countable. It follows from 2.2 as above that B is a Borel set, and so it contains

a nonempty perfect set P with diameter < 1/k. It is now easy to verify that fis
Lipschitz on P.

Finally, we obtain in this section extensions of some known results on
singular functions.

2.23. DEFINITION. Let a function f: X — R be lower or upper absolutely
continuous if for every e > 0 there exists a § > 0 such that for every finite family
{[a; b;]: 1 <i <n} of nonoverlapping intervals with endpoints in X, whenever
2L, (b; —a) <8, we have

i {fb,) — fla)} >—€ or <e respectively.
i=1

We further employ X* to denote a set that consists of almost all the points of
some interval in R.

A function f is thus absolutely continuous if and only if it is lower and
upper absolutely continuous, and f is further lower absolutely continuous when-
ever it is lower Lipschitz. The following proposition is an extension of a well-
known theorem [34, p. 225] on absolutely continuous functions with connected
domain (see 1.6):

2.24. PrROPOSITION. A function f: X* — R is nondecreasing if and only
if it is lower absolutely continuous and lower singular.

PrOOF. Necessity of the conditions is obvious. To prove their sufficiency,
suppose f is lower absolutely continuous and lower singular but is not nondecreas-
ing. Then there exist two points @, b in X* such that 2 < b and fla) > f(b). Put-
ting e = {fla) — f(b)}/(b — a) and g = f,, we have € > 0 and g(a) = g(b).

As the function g is equally lower absolutely continuous, there exists a§ >0
such that for every finite set of nonoverlapping intervals {[a;, b,]: 1 <i <n}
with endpoints in X*, whenever Z}_, (b; — a;) < §, we have

n
b -
M 3 {sb) - sta)} > -2
i=1
It can be easily verified by a standard argument that g is a difference of two non-

decreasing functions, and so is derivable almost everywhere. Let E denote the set
of points in X* N (a, b) where g has a derivative = ¢. According to the hypothesis
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the set E covers almost all the points of [a, b]. Moreover, for every x € E there
exists a decreasing sequence {x,} of points in X* N (a, b) such that x; converges
to x and, for every k, we have

@ £00y) ~ 80) > 5 (x, ~ x).

Putting I, (x) = [x, x, ] for every k, the family {/,(x): x€E, k=1,2,...}is
a Vitali cover of E, and so, by the Vitali covering theorem, there exists a finite
family {Iki(xi): 1 <i < n} of mutually disjoint intervals in the above cover such
that

i=1

3) m35~ LnJ Iki(x,.)i < min{8, (b —a)/2}.

If {[a; b;]: 1 <i<n+ 1} denote the remaining subintervals of [a, b], then

n+1

Zl ;- a) =m;[a, b]- L"J Ikl(x,.)} =ng~ L"J Ik.(x,)z <8,
i= i=1 i=1 !

and so, by (1) and (2), we have

n n+1
g(b) - gla) = Z:l {80xs ) —g(x} + ‘_v_ {2(®) — 8@}

i=1
=€ € _€ " b-a
> El E(xki -x)- Z(b -a)= 2,3m<il=Jl Iki(x,-)> - f

Thus, by (3), we have g(b) — g(a) > 0, which is a contradiction.

Following are two consequences of 2.24, the first of which is well known
for connected X*, and the second is known [12, p. 85] for continuous singular
functions (see 1.6):

2.25. COROLLARY. Let a function f: X* — R be bisingular.
(a) If fis absolutely continuous then it is constant.
(b) If f is nowhere monotone then it is nowhere of monotonic type.

2.26. THEOREM. If a function f: X* — R is lower singular and the set of
points where Df = —° and Df = 0 is not residual in X*, then f is nondecreasing
on some portion of X*.

PrOOF. Since X* is metrically dense-in-itself and has no contiguous points,
we have, by 2.7, Df > 0 residually everywhere in X*. Hence, according to the
hypothesis, there exists a nonmeager set of points in X* where Df > —co, It now
follows from 2.3(b) that f is lower Lipschitz on some portion of X*, and, by 2.24,
fis nondecreasing on that portion of X*.
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The above theorem yields the following strengthening of Theorems 1(a)
and 2(a) of [15]:

2.27. COrROLLARY. If a lower singular function f: X* — R is nowhere
nondecreasing, then Df = —<0 and Df = 0 residually everywhere.

In case f is bisingular and nowhere monotone, then it has a knot point
residually everywhere.

2.28. COROLLARY. Let X* be G5 and f: X* — R be residually derivable.
If f is (intrinsically) lower singular, then it is intrinsically nondecreasing, and if f
is bisingular then it is intrinsically constant.

3. Properties of bilateral derivates and points of derivability. In this section
f continues to be a real-valued function defined on an arbitrary set X in R. A
subset of X would be called an F,, G5, F,5 or Gy set if it is so with respect to
the relative topology of X.

The following theorem was proved by W. H. Young [38] for connected X,
which was also rediscovered later by Brudno [2]:

3.1. THEOREM (W. H. YOUNG). The points where a function f: X — R has
at least one derivate infinite form a G4 set (relative to X).

PROOF. Let A denote the set of points in X where f does not have an in-
finite derivate. Then a point x € A is either an isolated point of X or we have
Df > —o° and Df < +o0 at x. Putting, for every natural number k (see 1.5, 2.1),
A = A (fi) N A (=f_;), we have A = Ug_, 4,. As we saw in the proof of
2.13, the set 4, is closed relative to X for every natural number k. Hence 4 is
F and the required set is in turn G relative to X.

" Following is a theorem of Kronrod [25] (for connected X) for which 3.1
provides a simple proof with an extension:

3.2. CoroOLLARY (KRONROD). If the set of points where a function
f: X — R is discontinuous is not G, then there exists an uncountable set of
points where f is continuous but does not have a finite derivative, and this set has
power ¢ when X is a Borel set.

Proor. Let D denote the set of points in X where f is discontinuous, and
E be the set of points where at least one derivate of f is infinite. Then D C E,
where D is F; and E is G5. If E — D is countable, then it is an F set, and so
we have D = E — (E — D) € G, contrary to the hypothesis. Hence £ — D is
uncountable. When X is a Borel set in R, since £ — D = G5 — F, is G; relative
to X, E — D is also a Borel subset of R, and so it has power ¢ by Souslin’s theo-
rem [26, p. 479].
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3.3. REMARK. The result 3.2 ceases to hold if the term “finite” is deleted
from it. For there exists [9, Theorem 1'] an everywhere derivable function
on [0, 1] whose points of discontinuity form a countable dense set, and since this
set is meager, it cannot be G5. Also, if a function has a finite derivative at each
of its points of continuity, it follows from 3.2 that its points of discontinuity
form an ambiguous set of class 1 (see Kronrod [25]).

3.4. THEOREM. If f: X — R and o € R, then the set {x € X: Df <a} is
of the form Gz U C, where C is a countable set at no point of which f is bilater-
ally upper interned,

PROOF. (See 1.8.) Let X, denote the set of isolated points of X, E be the
set of points in X where f is not bilaterally upper interned, and let, for every
@E€ER H, = {xE€EX: Df<a}.

Considering first « = 0, we have

X=Hy =X, U (x€X: D> 0} = U 4,0y

For every natural number &, the set A,(f_; ;) contains, according to 2.2, all of

its bilateral limit points in X and those of its unilateral limit points which are in

X~ E. Thus Ag(f_, x) = Fy — Cy,, where F is closed relative to X and C is a
countable subset of E. Hence

X—-Hy, = kL—Jl(Fk -CG)=F,-C,

where the first set is F; relative to X and C C Ug_, G, whence C is again a
countable subset of E. This proves the result for & = 0.

For a general & € R the result follows on applying the above to the function
f_o Fora =+ wehave H . =X - X,, and this is clearly G4 since X, is
countable. For a = —co we have H_,, = (=, H_, and the result follows from
that on H_, for each k.

As a consequence of 3.4 we obtain the following result of Hdjek [19] who
proved it for connected X:

3.5. CoroLLARY (HAJEK). For every function f: X — R, its bilateral
derivates Df and Df are in Baire class 2 relative to the set of points where they
are defined.

ProOF. Let E denote the set of nonisolated points of X. For every a € R,
the set {x € E: Df <a} is by 3.4 simultaneously F; and G;, relative to E, and
so the sets
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{x€E:Df>a} and {x€E:Df<a}= U {xEE: Df<a-1/k}
k=1
are both G, relative to E. Since every open set in R is a countable union of
intervals of the form (a, +°°] and [—<, &), @ € R, or their intersections, it follows
from the Lebesgue-Hausdorff theorem [26, p. 393] that Df is in Baire class 2.
On applying this to the function — f one obtains the result for Df.

It also follows from 3.4 that if a subset X, of X contains a dense set of
points where f is bilaterally upper interned and Df < a (€ R), or if X, contains
in each of its portions uncountably many points where Df < a, then Df <
residually everywhere in X,. Furthermore, since f is bilaterally upper interned at
every point where Df < +oo, we get

3.6. COROLLARY. Iff: X — R, o € R and a subset X, of X contains a
dense set of points where Df < a, then Df < « residually everywhere in X,,.

3.7. COROLLARY. The knot points of a function f: X — R form a set of
the form Gg U C, where C is a countable set at no point of which f is bilaterally
interned.

3.8. REMARK. The results 3.4 and 3.7 were obtained by Brudno [2,
Lemma 4, Theorem 2] for connected X except for the nature of f at the points
of C. According to 3.4 the set {x € X: Df < a} becomes G; whenever f is bi-
laterally upper interned. This in turn has been proved by Zahorski [41, Lemma
8] for cocountably derivable Darboux functions with connected domain.

3.9. ProOPOSITION. If f: X — R and o € R, the set E of points where f
has a median derivate o is of the form G5 U C, where C is a countable set at no
point of which f is bilaterally interned.

Moreover, the set E is residual in X whenever f has a derivative a at a dense
set of points in X.

PROOF. Let A be the set of points in X where Df <a < Df. Clearly, E is
a subset of A. If x € A — E, since f does not have a median derivate « at x, x is
a bilateral limit point of X and either D"f < a <D,for D*f<a<D_fat x.
The set A — E is therefore countable by G. C. Young’s theorem. According to
3.4 the set A is clearly of the form G5 U C, where C is a countable set at no
point of which f is bilaterally interned. Hence

E=A-(A-E)=G; UC—-F, =G5 UC,, whereCyCC

In case f has a derivative « at a dense set of points in X, the set 4 is residual
in X by 3.6, and since X is presently dense-in-itself, the countable set 4 — E is
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meager in X, whence E = 4 — (A — E) is residual in X.

As a bisingular function (see 1.6) has a zero median derivate almost every-
where [23, p. 186], Proposition 3.9 provides the following strengthened form of
Theorems (*) and 1 of Lipiiski [27] on singular functions:

3.10. COROLLARY. Let f: X — R be a bisingular function, where X is
metrically dense-in-itself. Then there exists a G4 set of points in X covering al-
most all the points of X where f has a zero median derivate. The points where
has a nonzero derivative form in turn a meager set that is contained in an F, set
of measure zero.

For the converse of the latter part see Lipiriski [27, Theorem 2].
In connection with 3.6, we further obtain from 2.3(a) the following result
of Filipczak [6, p. 74] who proved it for connected X (see 1.9):

3.11. ProposiITION (FiLIPCZAK). If f: X — R is contiguously upper in-
terned, then the set of points where Df < a (€ R) is residual in every portion of
X in which it is dense.

ProOF. Let H, denote the set of points in X where Df <a, and let us
first consider @ = 0. Suppose H, is dense in some portion X, of X without being
residual in X,. Then by 2.3(a) there exists a real number g > 0 for which the
function f_g is increasing on some portion X, of X,,. But then Df _z=0,ie.
Df 2B >0, at every point of X, and this is contrary to the hypothesis. This
proves the result for & = 0.

For a general a € R, the result follows on applying the above to the function
f_ o> which is equally contiguously upper interned. If H_, is dense in some por-
tion X, of X, then X, has no isolated points and we have X, C H,_,. In case
H_,, is dense in some portion X, of X, then so is H_, for every natural number
k, and so by above H_, is residual in X, for every k, whence the set H__, =
Ny-, H_; is residual in X,.

The following theorem was proved originally by Zahorski [39], [40] for
continuous functions, and was later extended by Brudno [2] to arbitrary functions
with connected domain:

3.12. THEOREM (ZAHORSKI-BRUDNO). The points where a function
f: X — R does not have a derivative, or where f does not have a finite derivative,
form a set of the form Gy U G, where the latter set is of measure zero.

ProOF. Let N denote the set of points in X where f does not have a deriv-
ative. If X, is the set of isolated points of X and @ is the set of rational num-
bers, we have
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N =X,V {x € X: Df <Df}

=X,V U [xeX:Df<a}n {xE€X:Df>p}].
a,fEQ;;a<p
Since X o is countable, whence F, it follows from 3.4 that NV is G;, relative to X.

Further, NV contains the set K of knot points of f and according to 3.7,

K = G4 U C, where C is countable. Hence N =K U (N —K) = G5 U H, where
H=CUW-K)=F, VU (Gs, — F,5) € Gg,. Also, by the Denjoy-Young-Saks
theorem, the set N — K has measure zero, and so in turn H has measure zero.
This proves the result for V.

On the other hand, if N* denotes the set of points in X where f does not
have a finite derivative, and E is the set of points where f has at least one derivate
infinite, we have N* = N U E, where E is G5 by 3.1. Hence N* = (G; U G4,) U
Gs = G5 U G;,, where the latter set has measure zero. Hence the theorem.

3.13. CoroLLARY. If X is Gg, then every residually derivable function
f: X — R is intrinsically almost everywhere derivable.

3.14. REMARK. It further follows from 3.12 that a function f: X — R is
residually derivable whenever the set A of its points of derivability is nonmeager
in every portion of X, for as A is F 5 relative to X, it possesses the Baire property
relative to X [26, p. 88]. Also, A is meager in X whenever X — A has a positive
outer measure in every portion of X (see Filipczak [6, Theorem 4]).

As proved by Zahorski [39], [40], the converse of 3.12 holds for continuous
functions with connected domain. It would be interesting to investigate if the
converse remains valid when the domain is an arbitrary perfect set in R.

4. Monotonicity in terms of bilateral and median derivates. In this section
f is assumed to be a real-valued function with domain R.

4.1. NoraTioN. Given a function f, we denote by N(f) the set of points x
in R for which f is not nondecreasing in any neighborhood of x.

4.2. LEMMA. () If a function f is lower interned, then the set N(f) is perfect.
(b) When f is lower singular, we have N(f,) = N(f) for every real number
a>0.

PrROOF. (See 1.6, 1.8.) It is easy to see that the set N(f) is always closed,
and that f is nondecreasing in every (open) interval contiguous to N(f).

(a) Let f be lower interned and suppose that N(f) has an isolated point x.
Then x is a common endpoint of two contiguous intervals (g, x) and (x, b) of
N(f) and f is nondecreasing in each of them. Since f is then regulated at x, accord-
ing to the hypothesis we have f(x — 0) < f(x) < f(x + 0). The function f thus
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becomes nondecreasing in (g, b), i.e. x &€ N(f), which is a contradiction.

(b) Let f be lower singular and & > 0. Since f, is clearly nondecreasing in
every interval in which f is so, we have N(f,) C N(f). Let x € N(f) and, if pos-
sible, x & N(f,). Then there exists an open interval J containing x in which £, is
nondecreasing. The function f'is then lower Lipschitz in /, and so is nondecreasing
in I by 2.24, i.e. x € N(f), a contradiction. Hence the required equality.

4.3. DEFINITION. Let a function f be conditionally lower [upper] interned
if it is lower [upper] interned at every point x where f is regulated and f(x — 0)
<[Z] fGx + 0).

When f is lower or upper interned, it is indeed conditionally lower interned
as well as conditionally upper interned.

4.4. THEOREM. A conditionally lower interned function f has Df <0
residually everywhere in N(f).

Moreover, if f is further lower singular, then Df = —eo residually everywhere
in N(f).

PrROOF. Let N = N(f) be nonempty, the result being vacuously true other-
wise. Since (see 1.5, 2.1) {x: Df >0} = U:=1 Ak(f_l/k), the first part of the
theorem would follow if the set NN A (f_, /k) is nowhere dense in N for every
natural number k.

Suppose there exists a k for which N N A (f_, /k) is dense in some portion
of Nyand let A = A, (f_, /k). Then there exists an open interval I with length
< 1/k such that N N I is nonempty and N N A is dense in N N I. It would suf-
fice to show f to be nondecreasing in 7, for then N N I would be empty, which
is a contradiction.

Let x,, x, €I and x, <x,. If NN (x,, x,) is nonempty, the interval
(x,, x,) contains at least one point of A, say x, and then we have

f—l/k(xl) <f:.uk(-") <f..l/k(xz)’
so that
) < flx,) — (e = x )k < flx,).

In case N N (x,, x,) is empty, the closed set NV has a contiguous interval (a, b)
such that a <x, <x, <b. Let ¢ = %(x; + x,). Since f is nondecreasing in

(@, b), we have f(x,) <f(c) when x; >a. If x; =a and x, € A, then since

¢ —x; <1/k, we have fo16© >f_l/k(x1), so that f(c) = f(x,) + (c — a)/k >
flx,). Incasex;, =a&A, then since NN A is dense in N N I, x, is the limit of
a sequence of points {#;} in A from the left. Then by 2.2 the limit f{x, — 0)
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exists, and the limit f(x, + 0) already exists since f is nondecreasing in (x,, b).
Given x € (x,, ¢), for all sufficiently large i we have f{x) > f(t,) as above, and so

f6)> lim flt) = fix, = 0),

whence f{x; + 0) = f(x, — 0). As fis given to be conditionally lower interned,
it follows that f{x,) < f{x; + 0) <f{c). Thus in every case we have f(x,) < f(c),
and it can be proved similarly that f(x,) = f(c), whence again f{x,) < f(x,). This
establishes the first part of the theorem.

Let, now, f be lower singular. Given a natural number &, the function f; is
also conditionally lower interned, and so, by above, the set N(f; ), which is the
same as N(f) by 4.2(b), contains a residual subset H, of points where Df, <0,
ie. where Df <—k. The set H = ﬂ;‘;lﬂk is again residual in N(f), and at every
point of H we have Df = —co, This completes‘ the proof of 4.4.

As it can be easily verified, the set N(f) always contains a dense set of points
where Df < 0. In case of lower interned functions we further have

4.5. COROLLARY. Ifa function fis lower interned, then the set of points
where Df < 0 has power c in every portion of N(f).

PrOOF. Suppose [ is an open interval such that 7 N N(f) is nonempty and
the set {x €I N N(f): Df <0} has power <c. Since Df > 0 at every point out-
side N(f), the power of the set {x € I: Df <0} is then also <c¢. Hence, given
a >0, the set {x €I N N(f,): Df, <0} has power <c. As the function f, is
also lower interned, the set N(f,,) is perfect by 4.2(a), and so the set {x € N(f,):
Df,, <0} cannot be residual in N(f,) unless the set I N N(f,) is empty, i.e. unless
f is nondecreasing in I Since this holds for every a > 0, it follows that f is non-
decreasing in I, i.e. I N N(f) = &, a contradiction.

Since f is lower interned at every point where Df > —eo, from 4.4 and 4.5
we obtain

4.6. COROLLARY. A function f is nondecreasing whenever any of the fol-
lowing holds:

(a) the points where Df < 0 form a set with power < ¢ at each of which f
is lower interned,

(b) f is lower singular and the points where Df = — form a set with power
< c at each of which f is lower interned,

Part (a) of the above corollary is known only when Df > 0 everywhere [30,
P. 266], and part (b) is known when Df > —oo everywhere (see Zahorski [41,
p- 18]).
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4.7. THEOREM. If a lower interned function f has Df > 0 at a dense set
of points, then it has a zero median derivate residually everywhere in N(f).

PrOOF. (See 1.1.) Let N = N(f) be nonempty. According to 4.2(a), N is
perfect. If H denotes the set of points in N where f does not have a zero median
derivate, we have

H={xEN:Df<0<D,.f}VU {xEN: D*f<0<D_f}

U {xEN: Df>0} U {x EN: Df <0}.

The first two sets on the right-hand side are countable by G. C. Young’s theorem,
and so are meager in the perfect set N. The third set is also meager in N by 4.4,
It is thus only the last set which needs to be shown to be meager in N. Moreover,
since {x: Df <0} = Up=; Ax(-f; /i)» it would suffice to prove that the set

NN A(-f /k) is nowhere dense in NV for every natural number %.

Suppose there exists a k for which N N A (- f; /k) is dense in some portion
of N,and let A = A (- f; ,k). Then there exists an open interval I with length
< 1/k such that N N I is nonempty and N N A is dense in N N I. In case N is
dense in some open subinterval I, of I, then so is A, and since A contains all of
its bilateral limit points by 2.2, we have I, C A. But then the function — f, Ik is
nondecreasing on I, and so at every point of I, we have Df, Ik <0,ie.Df<
—1/k <0, contrary to the hypothesis.

When N is, on the other hand, nowhere dense in I, since it is perfect, we can
find a contiguous interval (g, b) of N such that @, b € I. Then f(a + 0) exists,
and as g is from its left a limit point of N, and so of A, according to 2.2 the
limit = £} /k(a —0) exists, whence f{a — 0) exists. Thus f'is regulated at @, and so it
is lower interned at g from either side. As the function — f, Ik is then upper in-
terned at @ from the left, it follows from 2.2 that ¢ € A. However, since f is
lower interned at g from the right and it is nondecreasing in (a, b), we have
fla) < fla + 0) < f((a + b)/2), so that

fl/k<a+b)__ (a+b> a2+b <—fl@) - k —fl/k(a)’

and so a € A, which is again a contradiction. This completes the proof of 4.7.

As the set N(f) is always perfect for a lower interned function f, on applying
4.7 to the function f_ , we get the following version of A. P. Morse’s theorem
[29, Theorem 1] for median derivates:

4.8. CorROLLARY. If a lower interned function f has a median derivate
2 a (ER) at a dense set of points and a median derivate < & at some point, then f
has a median derivate o at a set of points whose power is c.
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In particular, the Morse theorem in itself remains valid for every cocount-
ably derivable (see (1.3) lower interned function. Theorem 4.7 also provides the
following strengthened form of Theorem 2 of Swiatkowski [35] on cocountably
derivable Darboux functions, which may be compared further with Theorem 5 of
Morse [29]:

49. COROLLARY. If a lower interned function f has Df = 0 at a dense
set of points and it has a zero median derivate only at a set of points whose
power is < ¢, then f is increasing.

As it is evident from any continuous increasing singular function, the last con-
dition of 4.9 is not necessary for f to be increasing. It, however, leads to the fol-
lowing necessary and sufficient condition for a function to be nondecreasing,
strengthening this time Theorem 3 of Swiatkowski [35]:

4.10. COROLLARY. A function f is nondecreasing if, and only if, (a) f is
lower interned, (b) Df = 0 at a dense set of points and (c) for every real number
a < 0 there exists a § € [a, 0] such that f has a median derivate § only at a set
of points whose power is < c.

PrOOF. The necessity of the conditions is obvious. As for their sufficiency,
there exists by 4.9 a sequence {f,} of nonpositive real numbers converging to
zero such that the function f-—Bk is increasing for every k, whence f is nondecreasing.

4.11. THEOREM. If a lower interned function f is lower singular, then
Df = —e and Df = 0 residually everywhere in N(f).

PROOF. According to 4.4 we already have Df = —oo residually everywhere
in N(f). Further, since the domain of f has no contiguous points, by 2.7 we have
Df > 0 residually everywhere, and so it follows from 4.7 that Df > 0 residually
everywhere in N(f). Hence the theorem.

As proved by Goldowski [18] and Tonelli [37], a cocountably derivable
continuous function is nondecreasing whenever it is lower singular. Zahorski [41,
Theorem 2] extended this theorem to Darboux functions. However, a nondecreas-
ing function need be neither Darboux nor cocountably derivable. Theorem 4.11
provides the following weaker forms of these conditions which are also necessary:

4.12. COROLLARY. A function f is nondecreasing if, and only if, it is
lower interned and lower singular and the points where Df = — and Df=0
form a set whose power is < c.

4.13. COROLLARY. If an interned function f is bisingular and each of the
sets {x: Df =—oo, Df > 0} and {x: Df <0, Df = +} has a power < c, then
f is constant.
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Any interned bisingular function (see 1.6) that is not constant is thus non-
derivable at uncountably many points. This was proved by Zahorski [41, p. 21]
for continuous singular functions. One may also obtain from 4.12 a condition
similar to that of 4.13 for an interned function to be Lipschitz.

4.14. REMARK. In case of bilaterally interned functions, let us indicate
here how Theorems 4.7 and 4.11 follow, as mentioned in the introduction,
directly from 2.9:

(a) Let first Df > 0 at a dense set of points. We claim that f is then no-
where adequately monotone relative to N(f). (It need not be nowhere monotone
relative to N(f) as is evident from any continuous decreasing singular function.)
Let N = N(f) # & and g = f/N. Since f is bilaterally interned, it is clearly non-
decreasing on the closure of every contiguous interval of V. If g is adequately
increasing on some portion N N I of N, then f becomes nondecreasing on I, so
that N N I becomes empty, which is not possible. Let, if possible, g be adequately
decreasing on some portion N N I of N. Then there exists an a > 0 such that g,
is decreasing on N N I If NV is dense in some subinterval I, of I, we have I, C N,
so that Df, <O, or Df <-a < 0 everywhere in I,, contrary to the hypothesis.
If, on the other hand, N is nowhere dense in 7, since it is perfect, it has a conti-
uous interval (g, b) with endpointsin I But then g (a) > g, (b), so that f(a) >
fb) + a(b — a) > f(b), which is again not possible since f is nondecreasing on
[a, b]. Since g is also bilaterally interned, it thus has, by 2.9, a zero median
derivate residually everywhere in N, and the same holds for f since it is an exten-
sion of g.

(b) Let now f be lower singular. Then by 2.7 we have Df = 0 residually
everywhere. Hence Df = O residually everywhere in N(f) by above. Also, for
every natural number K, f is equally bilaterally interned and Efk =k >0 resi-
dually everywhere, whence, by above, Df;, < 0 residually everywhere in N(f}.).
But N(f;,) = N(f) by 4.2(b), and so Df < —k residually everywhere in N(f). Since
residual sets are closed under countable intersection, it follows that Df = —c and
Df > 0 residually everywhere in N(f).

In case of Darboux functions in Baire class 1 the last condition of 4.12 can
be further weakened, viz. it suffices if the points considered there form an F